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Quantum coherence is the outcome of the superposition principle. Recently, it has been theorized as a quan-
tum resource, and is the premise of quantum correlations in multipartite systems. It is therefore interesting to
study the coherence content and its distribution in a multipartite quantum system. In this work, we show ana-
lytically as well as numerically the reciprocity between coherence and mixedness of a quantum state. We find
that this trade-off is a general feature in the sense that it is true for large spectra of measures of coherence and
of mixedness. We also study the distribution of coherence in multipartite systems by looking at monogamy-
type relation–which we refer to as additivity relation–between coherences of different parts of the system. We
show that for the Dicke states, while the normalized measures of coherence violate the additivity relation, the
unnormalized ones satisfy the same.
I. INTRODUCTION
From everyday life experiences, we learn that arbitrary
operations cannot do an assigned job. That is, specific
resources–like allowed operations, “free assets” that one can
use at will, and some “force” or catalyst in a prescribed
amount–are needed to carry out a particular task. Therefore,
to establish a quantitative theory of any physical resource,
one needs to address the following fundamental issues: (i)
the characterization or unambiguous definition of resource,
(ii) the quantization or valid measures, and (iii) the transfor-
mation or manipulation of quantum states under the imposed
constraints [1–4]. Several useful quantum resources like pu-
rity [5], entanglement [6–10], reference frames [11, 12], ther-
modynamics [13, 14], etc. have been identified and quanti-
fied until now. Recently, Baumgratz et al. in Ref. [15],
provided a quantitative theory of coherence as a new quan-
tum resource, borrowing the formalism already established for
entanglement [6–10], thermodynamics [13, 14] and reference
frames [11, 12].
Coherence arises from the superposition principle, and is
defined for single as well as multipartite systems. Quantum
coherence is identified by the presence of off-diagonal terms
in the density matrix, and hence is a basis-dependent quantity.
It being a basis-dependent quantity, local and nonlocal unitary
operations can alter the amount of coherence in a quantum
system. A density matrix has zero coherence with respect to
a specific basis if it is diagonal in that basis. Diagonal density
matrices, in the above sense, therefore represent essentially
the classical mixtures. A coherent quantum state is consid-
ered as a resource in thermodynamics as it allows non-trivial
transformations [16]. Quantum superposition is the most fun-
damental feature of quantum mechanics. Quantum coherence
is a direct consequence of the superposition principle. More-
over, combined with the tensor product structure of quantum
state space, it gives rise to the novel concepts such as entangle-
ment and quantum correlations. It, being the premise of quan-
tum correlations in multipartite systems, has attracted the at-
tention of quantum information community significantly, and
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in addition to its quantification [17–19], other developments
like the freezing phenomena [20], the coherence transforma-
tions under incoherent operations [21], establishment of geo-
metric lower bound for a coherence measure [22], the comple-
mentarity between coherence and mixedness [23], its relation
with other measures of quantum correlations and creation of
coherence using unitary operations [24, 25], erasure of quan-
tum coherence [26], and catalytic transformations of coher-
ence [27] have been reported recently.
In this paper, we revisit the complementarity between co-
herence and mixedness of a quantum state, and the distribu-
tion of coherence in multipartite systems in considerable de-
tail. We provide analytical and numerical results in this re-
gard. This paper is organized as follows. In Sec. II, we
briefly define the measures that quantify quantum coherence
and mixedness. In Sec. III, we show that the reciprocity be-
tween coherence and mixedness in quantum systems is an ex-
tensive feature in the sense that it holds for large spectra of
measures of coherence and of mixedness. In Sec. IV, we
discuss the distribution of coherence in multipartite quantum
systems. Numerical investigation unravels the fact that the
percentage of quantum states satisfying the additivity rela-
tion of coherence increases with increasing number of parties,
with increment in the rank of quantum states, and with raising
of the power of coherence measures under investigation. We
provide conditions for the violation of the additivity relation
of the relative entropy of coherence. In Sec. V, we investi-
gate the distribution of coherence in a special type of quan-
tum states called “X”-states, and provide examples. Finally,
we conclude our findings in Sec. VI.
II. QUANTIFYING COHERENCE AND MIXEDNESS OF A
QUANTUM STATE
In this section, we briefly review the axiomatic approach to
characterize and quantify coherence, as proposed in Ref. [15],
and mixedness of a quantum system.
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2A. Quantum coherence
In the framework of Ref. [15], all the diagonal states, in
a given reference basis, constitute a set of incoherent states,
denoted by I. And a completely positive trace preserv-
ing (CPTP) map is an incoherent operation if it possesses a
Kraus operator decomposition {Kt} such that KtρK†t is inco-
herent for every incoherent state ρ ∈ I. A function, C(ρ),
is a valid measure of quantum coherence of the state ρ if
it satisfies the following conditions [15]: (1) C(ρ) = 0 iff
ρ ∈ I. (2a) Monotonicity under the incoherent operations,
i.e., C (ΦI(ρ)) ≤ C(ρ). (2b) Monotonicity under the selective
incoherent operations on an average, i.e.,
∑
k pkC(ρk) ≤ C(ρ),
where ρk = MkρM
†
k/pk, pk = TrMkρM
†
k , and Mk are the “in-
coherent” Kraus operators as described above. That is, C(ρ)
is non-increasing on an average under the selective incoher-
ent operations. (3) Convexity or nonincreasing under mixing
of quantum states, i.e., C(
∑
k pkρk) ≤ ∑k pkC(ρk). That is,
coherence cannot increase under mixing.
It is emphasized that the incoherency condition, MIM† ∈
I, places a severe constraint on the structure of the incoherent
Kraus operator M [24]: there can be at most one nonzero entry
in every column of M. Thus, if the incoherent Kraus operator
M belongs to the set of r×c matricesMr,c, then the maximum
number of possible structures of M is rc. Note further that
conditions (3) and (2b) together imply condition (2a) [15]:
C (ΦI(ρ)) = C
∑
n
pnρn
 (3)≤ ∑
n
pnC(ρn)
(2b)≤ C(ρ). (1)
Measures that satisfy the above conditions, include l1 norm
and relative entropy of coherence [15] and the skew informa-
tion [17]. Coherence can also be quantified through entangle-
ment. It was shown in Ref. [18] that entanglement measures
which satisfy above conditions can be used to derive generic
monotones of quantum coherence. Recall that quantum co-
herence is a basis-dependent quantity. Yao et al. in [24] asked
whether a basis-independent measure of quantum coherence
can be defined. They observed that the basis-free coherence is
equivalent to quantum discord [24], supporting the fact that
coherence is a form of quantum correlation in multipartite
quantum systems. Viewing a d-dimensional quantum state ρ,
in the reference basis {|i〉}, as a d2-dimensional vector, its lp
norm is
‖ρ‖p =
∑
i, j
|ρi j|p

1
p
, (2)
where ρi j = 〈i|ρ| j〉. The quantity Cl1 (ρ), which is based on l1
norm, and given by
Cl1 (ρ) =
∑
i, j
|ρi j|, (3)
is a valid measure of coherence [15]. Another quantity,
Cr(ρ) = minσ∈I S (ρ ‖ σ) = S (ρI) − S (ρ), is the rela-
tive entropy of coherence, where I is the set of incoher-
ent states in the reference basis, S (ρ ‖ σ) = Trρ(log ρ −
logσ) is the relative entropy between ρ and σ, and ρI =∑
i〈i|ρ|i〉|i〉〈i|. Furthermore, a geometric measure of coher-
ence is also proposed [15, 18, 19] which is a full coher-
ence monotone [18]. The geometric measure is given by
Cg(ρ) = 1 − maxσ∈I F(ρ, σ), where I is the set of all in-
coherent states and F(ρ, σ) =
(
Tr
[√√
σρ
√
σ
])2
is the fi-
delity [28] of the states ρ and σ. The maximally coherent
pure state is defined by |ψd〉 = 1√d
∑d−1
i=0 |i〉 [15], for which
Cl1 (|ψd〉 〈ψd |) = d − 1 and Cr(|ψd〉 〈ψd |) = ln d.
B. Mixedness
A quantum system which is not pure is mixed. A pure quan-
tum system described by density matrix ρ is characterized by
Tr(ρ2) = Tr(ρ) = 1. Tr(ρ2) is called the purity of ρ. Noise in
various forms, including inevitable interaction with environ-
ment, degrades the purity of a quantum state and renders it
mixed. Mixedness characterizes disorder or loss of informa-
tion, and is a complementary quantity to the purity of a quan-
tum system. There are several ways to quantify the mixed-
ness of a quantum state in the literature. For an arbitrary d-
dimensional state, the mixedness, based on normalized linear
entropy [29], is given as
Ml(ρ) =
d
d − 1
(
1 − Trρ2
)
. (4)
Therefore, for every quantum system, mixedness varies be-
tween zero and unity. The other operational measures of
mixedness of a quantum state ρ include the von Neumann en-
tropy S (ρ) = −Tr(ρlnρ), and geometric measure of mixedness
which is given by Mg(ρ) := F(ρ, I/d) = 1d
(
Tr
√
ρ
)2
. For a
d-dimensional pure quantum states |φd〉, while Ml(|φd〉) and
S (|φd〉) vanish, Mg(|φd〉) = 1d . Thus, Ml(|φd〉) and S (|φd〉) lie
between 0 and 1, and Mg(|φd〉) varies between 1d and 1.
III. RECIPROCITY BETWEEN QUANTUM COHERENCE
AND MIXEDNESS
As mixedness is complementary to purity and purity is
closely related to quantum coherence, it is natural to inves-
tigate the restrictions imposed by the mixedness of a system
on its quantum coherence. In this section, we show analyti-
cally and numerically that there exists a trade-off between the
two quantities for different measures of coherence and mixed-
ness.
For any arbitrary quantum system ρ in d dimensions, quan-
tum coherence, as quantified by the l1 norm, and mixedness,
in terms of the normalized linear entropy, satisfies the follow-
ing inequality
C2l1 (ρ)
(d − 1)2 + Ml(ρ) ≤ 1. (5)
Inequality (5) dictates that for a fixed amount of mixedness,
the maximal amount of coherence is limited, and vice-versa.
3This important trade-off relation between quantum coherence
and mixedness was obtained in Ref. [23] using the parametric
form of an arbitrary d-dimensional density matrix, written in
terms of the generators, Gi, of S U(d) [28, 30–33], as
ρ =
I
d
+
1
2
~x. ~G = I
d
+
1
2
d2−1∑
i=1
xiGi, (6)
where xi = Tr[ρGi]. The generators Gi satisfy (i) Gi = G†i , (ii)
Tr(Gi) = 0, and (iii) Tr(GiG j) = 2δi j. In this representation,
three-dimensional state is
ρ =

1
3 + x7 +
x8√
3
x1 − ix4 x2 − ix5
x1 + ix4 13 − x7 + x8√3 x3 − ix6
x2 + ix5 x3 + ix6 13 − 2x8√3
 . (7)
The l1 norm of coherence of a d-dimensional system, given
by Eq. (6), can be written as [23]
Cl1 (ρ) =
(d2−d)/2∑
i=1
√
x2i + x
2
i+(d2−d)/2. (8)
And, the mixedness is given by
Ml(ρ) = 1 − d2(d − 1)
d2−1∑
i=1
x2i . (9)
Eq. (5) ensures that the normalized coherence,
Cl1 (ρ)
(d−1) , of a
quantum system with mixedness Ml(ρ), is bounded to a region
below the ellipse
C2l1 (ρ)
(d−1)2 +
( √
Ml(ρ)
)2
= 1. The quantum states
with (normalized) quantum coherence that lie on the conic
section are the maximally coherent states corresponding to a
fixed mixedness and vice-versa [23].
It is interesting to note that provided Cl2 (ρ) =
(∑
i, j |ρi j|2
) 1
2
were a valid coherence measure, one could easily show that a
complementarity relation, analogous to Eq. (5), holds:
C2l2 (ρ)(√
1 − 1d
)2 + Ml(ρ) ≤ 1. (10)
In Ref. [15], it was shown that the quantity C˜l2 (ρ) = C
2
l2
(ρ) =∑
i, j |ρi j|2 satisfies conditions (1) and (3). However, it fails
to satisfy the condition (2b) in general. Thus it is not clear
whether C2l2 (ρ) is a valid coherence measure in the framework
of above resource theory.
A natural question that arises is whether the reciprocity be-
tween quantum coherence and mixedness is measure specific?
Put differently, does complementarity between coherence and
mixedness hold for other measures of coherence and mixed-
ness. It is trivial to note that
Cr(ρ)
ln d
+
S (ρ)
ln d
≤ 1, (11)
and
Cg(ρ) + Mg(ρ) = 1 −
(
max
σ∈I
F(ρ, σ) − F(ρ, I/d)
)
≤ 1. (12)
We observe from Eqs. (5), (11) and (12) that for valid co-
herence measures, there is trade-off between functions of nor-
malized coherence and normalized mixedness. This comple-
mentarity between coherence and mixedness appears to be a
general feature. It would be an interesting exercise to inves-
tigate whether a given measure of coherence respects reci-
procity with different measures of mixedness. In particular,
we are interested in whether the following relations hold:
C2l1 (ρ)
(d − 1)2 +
S (ρ)
ln d
≤ 1
Cr(ρ)
ln d
+ Ml(ρ) ≤ 1, etc. (13)
For rank-1 (pure) states, the above complementarity relations
are trivially satisfied since mixedness for pure states is, by
definition, zero (for geometric measure of coherence, one will
have to set Mg(|ψ〉) = 0 by hand). Interestingly, for higher
rank quantum states also the above reciprocity relations hold.
We provide numerical evidences which suggest that trade-off
between coherence and mixedness is indeed an extensive fea-
ture of quantum systems (see Figs. 1 and 2). Though the
reciprocity relation, Cr(ρ)ln d + Ml(ρ)≤1, is in conflict, it is well
below the trivial value 2, for all states. We observe that higher
is the rank of quantum states and number of qubits, more is
the violation. We found numerically that the reciprocity re-
lation, Cr(ρ)ln d + Ml(ρ)≤1, is violated by two-qubit states also.
An example of a two-qubit state which violates this relation is
given in Eq. (14).
ρ =

0.2501 0.0490 − 0.0090i −0.1392 − 0.1148i −0.2141 − 0.0515i
0.0490 + 0.0090i 0.2064 0.1588 − 0.0438i 0.0137 + 0.0650i
−0.1392 + 0.1148i 0.1588 + 0.0438i 0.3001 0.1858 + 0.0115i
−0.2141 + 0.0515i 0.0137 − 0.0650i 0.1858 − 0.0115i 0.2434
 . (14)
Note that ρ = ρ†, Trρ = 1, Trρ2 = 0.5539, and eigenvalues of ρ are {0.664, 0.336, 0, 0}. Hence, ρ is a valid rank-2 density
matrix. For this density matrix, Cr(ρ)2 + Ml(ρ) = 0.5334 + 0.5948 = 1.1282 > 1.
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Figure 1. (Color online.) Histograms depicting the relative frequency
(rel. freq.) of quantum states against the trade-off between coherence
and mixedness for different measures: (a)
C2l1
(ρ)
(d−1)2 +
S (ρ)
ln d≤1, (b)
C2l1
(ρ)
(d−1)2 +
Mg(ρ)≤1, (c) Cr (ρ)ln d + Ml(ρ)≤1, and (d)
Cr (ρ)
ln d + Mg(ρ)≤1. For both rank-
2 (gray bars) and rank-3 (white bars), 2 × 104 three-qubit states are
generated Haar uniformly in the computational basis. We see that
only the reciprocity relation, Cr (ρ)ln d + Ml(ρ)≤1, is in conflict. However,
it is well below the trivial value 2, for all states. Higher is the rank of
quantum states, more is the violation.
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Figure 2. (Color online.) Histograms depicting the relative frequency
(rel. freq.) of quantum states against the trade-off between coherence
and mixedness for different measures for rank-2 (gray bars) and rank-
3 (white bars) four-qubit states. Rest of the details are the same as
in Fig. 1.
IV. DISTRIBUTION OF QUANTUM COHERENCE
Quantum coherence is a resource. Coherence of a multi-
party quantum system ρAB1B2···Bn is seen as a quantum cor-
relation amongst the subsystems. We wish to study the dis-
tribution of coherence among the constituent subsystems. In
particular, we are interested in the following monogamy-type
relation [34], which we refer to as additivity relation:
C(ρAB1B2···Bn ) −
n∑
k=1
C(ρABk ) ≥ 0, (15)
where C is some valid coherence measure and ρABk is the
two-party reduced density matrix obtained after partial trac-
ing all subsystems but subsystems A and Bk. If the above
relation is satisfied for arbitrary quantum system ρAB1B2···Bn ,
we say that the distribution of coherence is “faithful” with re-
spect to subsystem A. In the language of monogamy [34], C
is monogamous with respect to pivot A. If the above rela-
tion does not hold for any ρAB1B2···Bn , C is unfaithful or non-
monogamous. Below we provide several interesting results
on the distribution of quantum coherence in multipartite quan-
tum systems. Remember that coherence is a basis-dependent
quantity. In considering following results and theorems, we
assume that quantum system under investigation is described
in a fixed reference basis. Let {|ai〉} and {|b(k)j 〉} be the bases
of subsystems A and Bk respectively, such that |ψ〉AB ≡
|ψ〉AB1···Bn =
∑
caibk1 ···bkn |aib(1)k1 · · · b
(n)
kn
〉, ρAB = ∑i pi|ψi〉AB〈ψi|,
ρAB j = TrAB j (ρAB), etc.
A. Numerical results
From numerical findings listed in Table I, we observe a
number of important results. The percentage of quantum
states satisfying the coherence additivity relation increases
with increasing number of parties, the rank of quantum states
and raising the power of coherence measures under investiga-
tion. Furthermore, for fixed rank and fixed number of qubits,
the number of quantum states which satisfy the monogamy
condition is larger for entropy-based coherence measure than
distance based coherence measure.
B. Analytical results
In this section, we provide conditions for the violation of
the additivity relation of the relative entropy of coherence Cr
[37].
Theorem 1. The relative measure of coherence violates the
additivity relation for quantum states ρAB ≡ ρAB1B2···Bn which
satisfy S (ρAB) + S (ρA) =
∑n
k=1 S (ρABk ).
Proof. Let ρAB ≡ ρAB1B2···Bn be the density matrix of an (n+1)-
party quantum system, and ρABk = TrABkρAB1B2···Bn be the re-
duced density matrix obtained after partial tracing all subsys-
5rank no. of qubits δCl1 δC2l1
δC3l1
δCr δC2r
3 0.185 32.045 62.915 5.14 84.56
4 0.015 64.765 94.445 64.225 99.921
5 0.035 96.07 99.95 99.02 100.
3 0.445 38.245 70.935 75.425 99.685
4 0.095 75.705 97.74 99.245 100.2
5 0.145 98.715 99.995 99.995 100.
3 0.615 41.77 73.885 93.595 99.98
4 0.14 79.475 98.395 99.975 100.3
5 0.185 99.205 100. 100. 100.
3 0.72 42.385 75.155 97. 99.985
4 0.18 80.845 98.825 100. 100.4
5 0.265 99.385 99.995 100. 100.
Table I. Percentage of quantum states, of varying ranks, satisfying the
additivity relation for the “normalized” coherence measures Cl1 (ρ)
and Cr(ρ) for 3, 4 and 5 qubits in the computational basis [35]. The
percentage of quantum states satisfying the additivity relation in-
creases with increasing number of parties [36], with increment in the
rank of quantum states, and with raising of the power of coherence
measures under investigation. For every rank, 2× 104 three, four and
five qubit states are generated Haar uniformly.
tems but subsystems A and Bk. Then
Cr(ρAB) −
n∑
k=1
Cr(ρABk )
= S (ρIAB) − S (ρAB) −
n∑
k=1
[
S (ρIABk ) − S (ρABk )
]
=
 n∑
k=1
S (ρABk ) − S (ρAB) − S (ρA)

−
 n∑
k=1
S (ρIABk ) − S (ρIAB) − S (ρIA)
 − [S (ρIA) − S (ρA)]
= ∆1 − ∆2 −Cr(ρA). (16)
It can be easily shown that for σAB ≡ σAB1B2···Bn ,∑n
k=1 S (σABk ) − S (σAB) ≥ (n − 1)S (σA) ≥ 0. This
bound is a simple consequence of the strong subadditivity
relation, S (ρABC) + S (ρA) ≤ S (ρAB) + S (ρAC), of von
Neumann entropy. Hence ∆1 and ∆2 are non-negative.
When
∑n
k=1 S (ρABk ) = S (ρAB) + S (ρA), i.e., ∆1 vanishes,
Cr(ρAB) ≤ ∑nk=1 Cr(ρABk ). Thus Cr violates the additivity
relation.
Very recently, a special case of above result was obtained in
Ref. [24]. It was shown that Cr violates the additivity relation
for an arbitrary tripartite state ρABC which saturates the strong
subadditivity relation of von Neumann entropy. Tripartite
states satisfying the strong subadditivity relation are reported
in Ref. [38].
Analogous result can be obtained for other distributions as
well. For instance, the following distribution yields
Cr(ρAB) −
n∑
k=1
Cr(ρABk )
= S (ρIAB) − S (ρAB) −
n∑
k=1
[
S (ρI
ABk
) − S (ρABk )
]
=
S (ρIAB) − n∑
k=1
S (ρI
ABk
)
 +  n∑
k=1
S (ρABk ) − S (ρAB)

=
 n∑
k=1
S (ρABk ) − (n − 1)S (ρAB)
 −  n∑
k=1
S (ρI
ABk
) − (n − 1)S (ρIAB)

− (n − 2)
[
S (ρIAB) − S (ρAB)
]
= ∆3 − ∆4 − (n − 2)Cr(ρAB), (17)
where ρABk = TrBkρAB1B2···Bn be the reduced density matrix
obtained after partial tracing subsystem Bk. Again since∑n
k=1 S (σABk ) − (n − 1)S (σAB) ≥ S (σA) ≥ 0 for σAB ≡
σAB1B2···Bn [39, 40], ∆3 and ∆4 are non-negative. When either
∆3 ≤ ∆4 + (n− 2)Cr(ρAB) or ∆3 = 0, Cr(ρAB) ≤ ∑nk=1 Cr(ρABk ).
Thus Cr violates the additivity relation. 
However, coherence measures are not normalized in gen-
eral. That is, they do not lie between zero and unity for
arbitrary quantum systems. But in investigating monogamy
relations for quantum correlation measures, we consider that
value of all quantities in the monogamy inequality lies in the
same range. Therefore, it is reasonable to consider the normal-
ized coherence. Suppose that ρAB ≡ ρAB1B2···Bn ∈
(
Cd
)⊗(n+1)
be
a multipartite density operator. Considering the normalized
relative entropy of coherence, we have
Cr(ρAB)
ln dn+1
−
n∑
k=1
Cr(ρABk )
ln d2
=
2(∆1 − ∆2) − (n − 1) ∑nk=1 Cr(ρABk )
2(n + 1)ln d
. (18)
Again, when ∆1 vanishes, the normalized Cr does not satisfy
the additivity relation. Similarly, for the other distribution, we
can obtain
Cr(ρAB)
ln dn+1
−
n∑
k=1
Cr(ρABk )
ln dn
=
n(∆3 − ∆4) −∑nk=1 Cr(ρABk ) − n(n − 2)Cr(ρAB)
n(n + 1)ln d
. (19)
Thus, when ∆3 = 0, the normalized Cr violates the additivity
relation.
V. COHERENCE IN X STATES
Quantum states having “X”-structure are referred to as X
states. Consider an n-qubit X state given by
ρ = p|gGHZ〉〈gGHZ| + (1 − p) Id
d
, (20)
6where |gGHZ〉 = (α|0〉⊗n + β|1〉⊗n) with |α|2 + |β|2, Id
is d × d identity matrix, d = 2n and 0 ≤ p ≤ 1. It
is easy to show that for this state, Cl1 (ρ) = 2p|αβ¯|
and Cr(ρ) = −
(
p|α|2 + 1−pd
)
log2
(
p|α|2 + 1−pd
)
−(
p|β|2 + 1−pd
)
log2
(
p|β|2 + 1−pd
)
− 1−pd log2 1−pd −(
p + 1−pd
)
log2
(
p + 1−pd
)
.
Theorem 2. For an (n + 1)-party X state ρXAB1B2···Bn in a given
basis, any measure of coherence C satisfies the additivity re-
lation. That is, X states satisfy the relation C(ρXAB1B2···Bn ) −∑n
k=1 C(ρ
X
ABk
) ≥ 0, where ρXABk = TrABkρXAB1B2···Bn is a two-qubit
reduced density matrix.
Proof. This is because all the two-party reduced density ma-
trices of (n + 1)-party X states in the given basis are diagonal
and any valid measure of quantum coherence vanishes for di-
agonal states. 
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Figure 3. Coherence score (y-axis) versus the number of excitations
r ≤ n2 (x-axis) of Dicke states using the “normalized” coherence
measures Cl1 (top panel) and Cr (bottom panel). All quantities are
dimensionless. The normalized measures of coherence do not satisfy
the additivity relation of coherence for the Dicke states.
Now consider the Dicke states [41], which is symmetric
with respect to interchange of qubits, given by
|Dn,r〉 =
(
n
r
)− 12 ∑
P
P
(
|0〉⊗(n−r) ⊗ |1〉⊗r
)
, (21)
where
∑
P represents sum over all
(
n
r
)
permutations of (n − r)
|0〉s and r |1〉s. Note that the Dicke state itself, in Eq. (21), is
not an X state but its all two-qubit reduced density matrices, in
the computational basis, are same and has X structure. Again,
one can show that for the normalized measures of coherence
δC(norm)l1
(|Dn,r〉) = Cl1 (|Dn,r〉)2n − 1 − (n − 1)Cl1
(
ρ(2)|Dn,r〉
)
3
=
(
n
r
)
− 1
2n − 1 −
2r(n − r)
3n
, (22)
and
δC(norm)r
(|Dn,r〉) = Cr (|Dn,r〉)log2 2n − (n − 1)
Cr
(
ρ(2)|Dn,r〉
)
log2 4
=
1
n
log2
(
n
r
)
− r(n − r)
n
, (23)
where ρ(2)|Dn,r〉 is the two-qubit reduced density matrix of the
Dicke state. For n ≥ 3 and 1 ≤ r ≤ n, δCl1 (|Dn,r〉) and
δCl1 (|Dn,r〉) are non-positive. Thus, quantum coherence
measures violate the additivity relation for the Dicke states in
the computational basis (see Fig. 3).
Analogous result was obtained in Ref. [42], that the Dicke
state is always non-monogamous with respect to quantum
discord [43] and quantum work-deficit [44], and the Dicke
state with more number of parties is more non-monogamous
to that with a smaller number of parties.
However, if one considers the unnormalized measures of
coherence, then
δCl1
(|Dn,r〉) = Cl1 (|Dn,r〉) − (n − 1)Cl1 (ρ(2)|Dn,r〉)
=
(
n
r
)
− 1 − 2r(n − r)
n
, (24)
and
δCr
(|Dn,r〉) = Cr (|Dn,r〉) − (n − 1)Cr (ρ(2)|Dn,r〉)
= log2
(
n
r
)
− 2r(n − r)
n
. (25)
In this case, when n ≥ 3 and 1 ≤ r ≤ n, δCl1 (|Dn,r〉)
and δCl1 (|Dn,r〉) are non-negative. Thus, quantum (unnormal-
ized) coherence measures satisfy the additivity relation for the
Dicke states in the computational basis.
VI. CONCLUSION
In this paper, we have shown that the reciprocity between
coherence and mixedness of quantum states is a general
feature as this complementarity holds for large spectra of
measures of coherence and of mixedness. The numerical
investigation of the distribution of coherence in multipartite
systems reveals that the percentage of quantum states satisfy-
ing the additivity relation increases with increasing number
of parties, with increment in the rank of quantum states,
and with raising of the power of coherence measures under
7investigation. We have provided conditions for the violation
of the additivity relation of the relative entropy of coherence.
We have further shown that the normalized measures of
coherence violate the additivity relation for the Dicke states.
ACKNOWLEDGMENTS
AK acknowledges a research fellowship of the Department
of Atomic Energy, Government of India. The author is very
grateful to Ujjwal Sen, Uttam Singh and Himadri Shekhar
Dhar for useful comments and suggestions.
[1] I. Devetak, A. W. Harrow, and A. J. Winter, IEEE Trans. Inf.
Theory 54, 4587 (2008).
[2] M. Horodecki and J. Oppenheim, Int. J. Mod. Phys. B 27,
1345019 (2013).
[3] B. Coecke, T. Fritz, and R. W. Spekkens, arXiv:1409.5531.
[4] F. G. S. L. Brandão and G. Gour, Phys. Rev. Lett. 115, 070503
(2015).
[5] M. Horodecki, P. Horodecki, and J. Oppenheim, Phys. Rev. A
67, 062104 (2003).
[6] V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight, Phys.
Rev. Lett. 78, 2275 (1997).
[7] V. Vedral and M. B. Plenio, Phys. Rev. A 57, 1619 (1998).
[8] F. G. S. L. Brandão and M.B. Plenio, Nat. Phys. 4, 873 (2008).
[9] F. G. S. L. Brandão and M.B. Plenio, Commun. Math. Phys.
295, 829 (2010).
[10] M. B. Plenio and S. Virmani, Quant. Inf. Comp. 7, 1 (2007).
[11] G. Gour and R. W. Spekkens, New J. Phys. 10, 033023 (2008).
[12] I. Marvian and R. W. Spekkens, New J. Phys. 15, 033001
(2013).
[13] F. G. S. L. Brandão, M. Horodecki, J. Oppenheim, J. M. Renes,
and R. W. Spekkens, Phys. Rev. Lett. 111, 250404 (2013).
[14] G. Gour, M. P. Müller, V. Narasimhachar, R. W. Spekkens, and
N. Y. Halpern, Phys. Rep. 583, pp. 1-58 (2015).
[15] T. Baumgratz, M. Cramer, and M. B. Plenio, Phys. Rev. Lett.
113, 140401 (2014).
[16] M. Lostaglio, K. Korzekwa, D. Jennings, and T. Rudolph, Phys.
Rev. X 5, 021001 (2015); M. Lostaglio, D. Jennings, and T.
Rudolph, Nat. Commun. 6, 6383 (2015).
[17] D. Girolami, Phys. Rev. Lett. 113, 170401 (2014).
[18] A. Streltsov, U. Singh, H. S. Dhar, M. N. Bera, G. Adesso, Phys.
Rev. Lett. 115, 020403 (2015).
[19] L.-H. Shao, Z. Xi, H. Fan and Y. Li, Phys. Rev. A 91, 042120
(2015).
[20] T. R. Bromley, M. Cianciaruso, and G. Adesso, Phys. Rev. Lett.
114, 210401 (2015).
[21] S. Du, Z. Bai, and Y. Guo, Phys. Rev. A 91, 052120 (2015).
[22] D. P. Pires, L. C. Céleri, and D. O. Soares-Pinto, Phys. Rev. A
91, 042330 (2015).
[23] U. Singh, M. N. Bera, H. S. Dhar, and A. K. Pati, Phys. Rev. A
91, 052115 (2015).
[24] Y. Yao, X. Xiao, L. Ge, and C. P. Sun, Phys. Rev. A 92, 022112
(2015).
[25] A. Misra, U. Singh, S. Bhattacharya, and A. K. Pati, Phys. Rev.
A 93, 052335 (2016).
[26] U. Singh, M. N. Bera, A. Misra, and A. K. Pati, arXiv:
1506.08186.
[27] K. Bu, U. Singh, and J. Wu, Phys. Rev. A 93, 042326 (2016).
[28] M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Communication (Cambridge University Press, Cam-
bridge, 2000).
[29] N. A. Peters, T.-C. Wei, and P. G. Kwiat, Phys. Rev. A 70,
052309 (2004).
[30] F. T. Hioe and J. H. Eberly, Phys. Rev. Lett. 47, 838 (1981).
[31] G. Mahler and V. Weberruß, Quantum Networks: Dynamics of
Open Nanostructures (Springer-Verlag, Berlin, 1998).
[32] G. Kimura, Phys. Lett. A 314, 339 (2003).
[33] M. S. Byrd and N. Khaneja, Phys. Rev. A 68, 062322 (2003).
[34] V. Coffman, J. Kundu, and W. K. Wootters, Phys. Rev. A 61,
052306 (2000).
[35] Though the chosen reference basis is a product basis, the
states were generated Haar uniformly which consisted of non-
local states also. That is, the states are generated randomly
with an invariant distribution under unitary transformations.
Hence we understand that the numerical results should be basis-
independent.
[36] Note that the percentage of quantum states satisfying the addi-
tivity relation does increase with increasing number of qubits
(for number of qubits 4 onwards) in the third column of Table
I. However, the reason behind the dip in percentage from three-
qubit states to four-qubit states is not understood.
[37] Several other analytical results can be shown to hold true for
quantum coherence: (i) A measure of coherence C that violates
the additivity relation for a multipartite system, can be made
to satisfy the same by raising its power to some positive real
number (> 1), provided C is monotonically decreasing under
discarding of subsystems. (ii) A measure of coherence that sat-
isfies the additivity relation does satisfy the same on raising its
power, and a measure of coherence that violates the additiv-
ity relation does violate the same on lowering its power. How-
ever, it is not known whether raising and lowering operations
on bonafide measures of coherence will yield another valid co-
herence measures.
[38] P. Hayden, R. Jozsa, D.Petz, and A. Winter, Commun. Math.
Phys. 246, 359 (2004).
[39] Asutosh Kumar, arXiv:1504.07176.
[40] The proof of the inequality,
∑n
k=1 S (σABk ) − (n − 1)S (σAB) ≥ 0
for σAB ≡ σAB1 B2 ···Bn , is given in [39]. However, for the sake
of convenience of the readers, we reproduce this bound ex-
plicitly for n = 4. Let S (ρX) ≡ S X , and S X|Y = S XY − S Y be
the conditional entropy. In proving the bound, we will repeat-
edly use a variant of strong subadditivity relation, S XYZ + S Y ≤
S XY + S YZ , which states that conditioning reduces entropy, i.e.,
S X|YZ ≤ S X|Y . For n = 4, we have ∑4k=1 S ABk − 3S AB1 B2 B3 B4 =
S AB1 B2 B3 − S B1 |AB2 B3 B4 − S B2 |AB1 B3 B4 − S B3 |AB1 B2 B4 ≥ S AB1 B2 B3 −
S B1 |AB2 B3 − S B2 |AB1 B3 − S B3 |AB1 B2 ≥ S AB1 B2 − S B1 |AB2 − S B2 |AB1 ≥
S AB1 − S B1 |A ≥ S A. Similarly, it can be shown to hold true for
arbitrary n.
[41] R. Dicke, Phys. Rev. 93, 99 (1954).
[42] Asutosh Kumar, R. Prabhu, Aditi Sen (De), and Ujjwal Sen,
Phys. Rev. A 91, 012341 (2015).
[43] L. Henderson and V. Vedral, J. Phys. A 34, 6899 (2001); H.
Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 (2002).
[44] J. Oppenheim, M. Horodecki, P. Horodecki, and R. Horodecki,
Phys. Rev. Lett. 89, 180402 (2002); M. Horodecki, K.
Horodecki, P. Horodecki, R. Horodecki, J. Oppenheim, A.
Sen(De), and U. Sen, ibid. 90, 100402 (2003); I. Devetak, Phys.
8Rev. A 71, 062303 (2005); M. Horodecki, P. Horodecki, R. Horodecki, J. Oppenheim, A. Sen(De), U. Sen, and B. Synak-
Radtke, Phys. Rev. A 71, 062307 (2005).
